Abstract. In this paper we establish a general inequality involving the Laplacian of the warping functions and the squared mean curvature of any doubly warped product isometrically immersed in a Riemannian manifold. Moreover, we obtain some geometric inequalities for C-totally real doubly warped product submanifolds of generalized (κ, µ)-space forms.
Introduction
Bishop and O'Neill [2] introduced the concept of warped products to study manifolds of negative sectional curvature. O'Niell discussed warped products and explored curvature formulas of warped products in terms of curvatures of components of warped products. Moreover, he studied Robertson-Walker, static, Schwarschild and Kruskal space-times as warped products in [12] . Doubly warped products can be considered as a generalization of singly warped products which were mainly studied in [15, 16] . A. Olteanu [11] , S. Sular and C.Özgür [13] , K. Matsumoto [9] and M. Faghfouri and A. Majidi in [8] extended some properties of warped product submanifolds and geometric inequalities in warped product manifolds for doubly warped product submanifolds into Riemannian manifolds.
M. M. Tripathi [14] studied the relationship between the Laplacian of the warping function ρ and the squared mean curvature of a warped product M = M 1 × ρ M 2 isometrically immersed in a Riemannian manifoldM given by
where n i = dim M i , i = 1, 2, and ∆ 1 is the Laplacian operator of M 1 . Moreover, the equality case of (1) holds if and only if x is a mixed totally geodesic immersion and n 1 H 1 = n 2 H 2 , where H i , i = 1, 2, are the partial mean curvature vectors. He also in Theorem 4.2 and Theorem 4.4 establish an inequality for C-totally real warped product submanifolds of (κ, µ)-space forms and non-Sasakian (κ, µ)-manifolds.
S. Sular and C.Özgür [13] improved Theorem 4.2 and Theorem 4.4 of M. M. Tripathi [14] for C-totally real doubly warped product submanifolds of (κ, µ)-space forms and non-Sasakian (κ, µ)-manifolds.
In [4] A. Carriazo, V. Martín Molina and M. M. Tripathi introduce generalized (κ, µ)-space forms as an almost contact metric manifold (M , φ, ξ, η, g) whose curvature tensor can be written as where f 1 , f 2 , f 3 , f 4 , f 5 , f 6 are differentiable functions onM , and R 1 , R 2 , R 3 , R 4 , R 5 , R 6 are the tensors defined by
for vector fields X, Y, Z onM . In [3] A. Carriazo and V. Martín-Molina defined generalized (κ, µ)-space forms with divided the tensor field R 5 into two parts
It follows that R 5 = R 5,1 − R 5,2 . They called an almost contact metric manifold (M , φ, ξ, η, g), generalized (κ, µ)-space forms with divided R 5 whenever the curvature tensor can be written as
where f 1 , f 2 , f 3 , f 4 , f 5,1 , f 5,2 , f 6 are differentiable functions onM . Obviously, any generalized Sasakian (κ, µ)-space form is a generalized Sasakian (κ, µ)-space form with divided R 5 .
In section 3, we improved inequality (1) for a doubly warped product isometrically immersed in a Riemannian manifold. Section 4 contains some necessary background of contact geometry including the concepts of Sasakian manifolds, (κ, µ)-space forms, generalized (κ, µ)-space forms, generalized (κ, µ)-space forms with divided R 5 and Ctotally real submanifold. So we establish a similar inequality for C-totally real doubly warped product submanifolds in a generalized (κ, µ)-space forms with divided R 5 .
Preliminaries
Let M 1 and M 2 be two Riemannian manifolds equipped with Riemannian metrics g 1 and g 2 , respectively, and let ρ 1 and ρ 2 be positive differentiable functions on M 1 and M 2 , respectively. The doubly warped product M 1ρ 2 × ρ 1 M 2 is defined to be the product manifold M 1 × M 2 equipped with the Riemannian metric given by
We denote the dimension of M 1 and M 2 by n 1 and n 2 , respectively. In particular, if ρ 2 = 1 then
is called warped product of (M 1 , g 1 ) and (M 2 , g 2 ) with warping function ρ 1 .
For a vector field X on M 1 , the lift of X to M 1ρ 2 × ρ 1 M 2 is the vector fieldX whose value at each (p, q) is the lift X p to (p, q). Thus the lift of X is the unique vector field on M 1ρ 2 × ρ 1 M 2 that is π 1 -related to X and π 2 -related to the zero vector field on M 2 . For a doubly warped product M 1ρ 2 × ρ 1 M 2 , let D i denote the distribution obtained from the vectors tangent to the horizontal lifts of M i .
Let M be an n-dimensional Riemannian manifold equipped with a Riemannian metric g. Let {e 1 , . . . , e n } be any orthonormal basis for T p M . The scalar curvature τ (p) of M at p is defined by (2) where K(e i ∧ e j ) is the sectional curvature of the plane section spanned by e i and e j at p ∈ M .
Let P k be a k-plane section of T p M and {e 1 , . . . , e k } any orthonormal basis of P k . The scalar curvature τ (P k ) of P k is given by
The scalar curvature τ (p) of M at p is identical with the scalar curvature of the tangent space
Let x : M →M be an isometric immersion of a Riemannian manifold M into a Riemannian manifoldM . The formulas of Gauss and Weingarten are given respectively by
for all vector fields X, Y tangent to M and ζ normal to M , where ∇ denotes the LeviCivita connection onM , σ the second fundamental form, D the normal connection, and A the shape operator of x : M →M . The second fundamental form and the shape operator are related by A ζ X, Y = σ(X, Y ), ζ , where , denotes the inner product onM .
The equation of Gauss of x : M →M is given by
If a Riemannian manifoldM is of constant curvature c, we have
The mean curvature vector H is defined by H = 1 n trace σ. An isometric immersion x : M →M is called minimal immersion inM if the mean curvature vector vanishes identically. Let ψ be a smooth function on a Riemannian n-manifold M . Then the Hessian tensor field of ψ is given by
and the Laplacian of ψ is given by
We state the following Lemmas for later uses.
Lemma 2.1 ([7]
). Every minimal submanifold M in a Euclidean space R m is noncompact.
Lemma 2.2 ([7]
). Every harmonic function on a compact Riemannian manifold is constant.
Lemma 2.3 (Hopf's lemma. in [7] ). Let M be a compact Riemannian manifold. If ψ is a differentiable function on M such that ∆ψ ≥ 0 everywhere on M (or ∆ψ ≤ 0 everywhere on M ), then ψ is a constant function.
Lemma 2.4 (B. Y. Chen [5] ). Let l ≥ 2 and a 1 , . . . , a l , b be real numbers such that
Then 2a 1 a 2 ≥ b, with equality holding if and only if a 1 + a 2 = a 3 = · · · = a l .
Inequality for doubly warped products
Proposition 3.1. Let x be an isometric immersion of an n-dimensional doubly warped
where n i = dim M i , i = 1, 2, and ∆ i is the Laplacian operator of M i . Moreover, the equality case of (11) holds identically if and only if x is a mixed totally geodesic immersion and n 1 H 1 = n 2 H 2 , where H i , i = 1, 2, are the partial mean curvature vectors.
Proof. We choose a local orthonormal frame {e 1 , . . . , e n 1 , e n 1 +1 , . . . , e m }, such that e 1 , . . . , e n 1 are tangent to M 1 , e n 1 +1 , . . . , e n are tangent to M 2 and e n+1 is parallel to mean curvature vector H. We put σ r ij = σ(e i , e j ), e r , i, j ∈ {1, . . . , n}, r ∈ {n + 1, ..., m} where n = n 1 + n 2 and
σ(e i , e j ), σ(e i , e j )
In view of the equation (6), we have
2 ) (13) From (13), we have
We set
The equation (15) can be written as
For the chosen locally orthonormal frame, we have
where
Applying Chen's Lemma for n = 3 we get b ≤ 2a 1 a 2 , with equality holding if and only if a 1 + a 2 = a 3 . Equivalently, we get
with equality holding if and only if
In [11] , Olteanu for doubly warped product manifolds proved that for unit vector fields X ∈ D 1 and Z ∈ D 2 we have:
For the chosen locally orthonormal frame and (20), we have
From equation (21) we get
Using the Gauss equation (6), we have
2 ).
From (15) we get
In view of (18) and (24) we get
which implies the inequality (11). The equality holds in (26) if and only if
and
Obviously (27) is true if and only if the doubly warped product M 1ρ 2 × ρ 1 M 2 is mixed totally geodesic. From the equations (19) and (28) it follows that n 1 H 1 = n 2 H 2 .
The converse statement is straightforward.
generalized (κ, µ)-space forms
A (2m + 1)-dimensional differentiable manifoldM is called an almost contact metric manifold if there is an almost contact metric structure (φ, ξ, η, g) consisting of a (1, 1) tensor field φ, a vector field ξ, a 1-form η and a compatible Riemannian metric g satisfying
for all X, Y ∈ Γ(TM ). An almost contact metric structure becomes a contact metric structure if dη = Φ, where Φ(X, Y ) = g(X, φY ) is the fundamental 2-form ofM .
An almost contact metric structure ofM is said to be normal if the Nijenhuis torsion [φ, φ] of φ equals −2dη ⊗ ξ. A normal contact metric manifold is called a Sasakian manifold. It can be proved that an almost contact metric manifold is Sasakian if and only if
for any X, Y ∈ Γ(TM ) or equivalently, a contact metric structure is a Sasakian structure if and only ifR satisfiesR
for X, Y ∈ Γ(TM ). In a contact metric manifoldM , the (1, 1)-tensor field h is defined by 2h = L ξ φ, which is the Lie derivative of φ in the characteristic direction φ. It is symmetric and satisfies
where∇ is Levi-Civita connection.
Given an almost contact metric manifold (φ, ξ, η, g), a φ-section of M at p ∈ M is a section P ⊂ T pM spanned by a unit vector X p orthogonal to ξ p , and φX p . The φ-sectional curvature of P is defined byK(X, φX) =R(X, φX, φX, X). A Sasakian manifold with constant φ-sectional curvature c is called a Sasakian space form and is denoted byM (c). A contact metric manifold (M , φ, ξ, η, g) is said to be a (κ, µ)-contact manifold if its curvature tensor satisfies the conditioñ
where κ and µ are real constant numbers. If the (κ, µ)-contact metric manifoldM has constant φ-sectional curvature c, then it is said to be a (κ, µ)-contact space form.
Definition 4.1 ([4]
). We say that an almost contact metric manifold (M , φ, ξ, η, g) is a generalized (κ, µ)-space form if there exist functions f 1 , f 2 , f 3 , f 4 , f 5 , f 6 defined on M such that
where R 1 , R 2 , R 3 , R 4 , R 5 , R 6 are the following tensors
for all vector fields X, Y, Z onM , where 2h = L ξ φ and L is the usual Lie derivative. We will denote such a manifold byM (f 1 , . . . , f 6 ).
(κ, µ)−space forms are examples of generalized (κ, µ)-space forms, with constant functions
Generalized Sasakian space formsM (f 1 , f 2 , f 3 ) introduced in [1] are generalized (κ, µ)-space forms, with f 4 = f 5 = f 6 = 0.
Definition 4.2 ([3]
). We say that an almost contact metric manifold (M , φ, ξ, η, g) is a generalized (κ, µ)-space form with divided R 5 if there exist function
where R 5,1 , R 5,2 are the following tensors 
and f 6 = 1 − µ but not the generalized (κ, µ)-space form.
A submanifold M in a contact manifold is called a C-totally real submanifold if every tangent vector of M belongs to the contact distribution [17] . Thus, a submanifold M in a contact metric manifold is a C-totally real submanifold if ξ is normal to M . A submanifold M in an almost contact metric manifold is called anti-invariant if φ(T M ) ⊂ T ⊥ (M ) [18] . If a submanifold M in a contact metric manifold is normal to the structure vector field ξ, then it is anti-invariant. Thus C-totally real submanifolds in a contact metric manifold are anti-invariant, as they are normal to ξ For a C-totally real submanifold in a contact metric manifold we have
which implies that
where (φh) T is the tangential part of φhX for all X ∈ Γ(T M ). Now, we obtain a basic inequality involving the Laplacian of the warping function and the squared mean curvature of a C-totally real warped product submanifold of a (κ, µ)-space form.
where n i = dim M i , n = n 1 + n 2 and ∆ i is the Laplacian of M i , i = 1, 2. Equality holds in (40) identically if and only if M is mixed totally geodesic and n 1 H 1 = n 2 H 2 , where H i , i = 1, 2, are the partial mean curvature vectors.
Proof. We choose a local orthonormal frame {e 1 , . . . , e n , e n+1 , . . . , e 2m+1 } such that e 1 , . . . , e n 1 are tangent to M 1 , e n 1 +1 , . . . , e n are tangent to M 2 and e n+1 is parallel to the mean curvature vector H. Then from (37) and (39) we havẽ K(e i ∧ e j ) = f 1 + f 4 (g(h T e i , e i ) + g(h T e j , e j )) + f 5,1 (g(h T e i , e i )g(h T e j , e j ) − g(h T e i , e j ) 2 ) (41) − f 5,2 (g(A ξ e i , e i )g(A ξ e j , e j ) − g(A ξ e i , e j )
2 ), where h T X is the tangential part of hX for X ∈ Γ(T M ). For a k-plane section P spanned by {e 1 , . . . , e k }, from (41) it follows that By Theorem 3.5 in [8] , φ is minimal, φ 1 : M 1 → R n 1 is minimal since φ is minimal. This is impossible by Lemma 2.1 since M 1 is compact.
